We present a study of simultaneous determination of mean distance and reddening to the Small Magellanic Cloud (SMC) using the two photometric band RR Lyrae data. Currently available largest number of highly accurate and precise light curve data of the fundamental mode RR Lyrae stars (RRab) with better areal coverage released by the Optical Gravitational Lensing Experiment (OGLE)-IV project observed in the two photometric bands (V, I) were utilised simultaneously in order to determine true distance and reddening independently for each of the individual RRab stars. Different empirical and theoretical calibrations leading to the determination of absolute magnitudes of RRab stars in the two bands, V and I along with their mean magnitudes were utilised to calculate the apparent distance moduli of each of these RRab stars in these two bands. Decomposing the apparent distance moduli into true distance modulus and reddening in each of these two bands, individual RRab distance and reddening were estimated solving the two apparent distance moduli equations. Modeling the observed distributions of the true distance moduli and reddenings of the SMC RRab stars as Gaussian, the true mean distance modulus and mean reddening value to the SMC were found to be µ 0 = 18.909 ± 0.148 mag and E(B − V ) = 0.066 ± 0.036 mag, respectively. This corresponds to a distance of D = 60.506±4.126 kpc to the SMC. The three dimensional distribution of the SMC RRab stars was approximated as ellipsoid. Then using the principal axes transformation method (Deb & Singh 2014) we find the axes ratios of the SMC: 1.000 ± 0.001, 1.113 ± 0.002, 2.986 ± 0.023 with i = 3
INTRODUCTION
Studies of variable stars are crucial for addressing several key astrophysical problems and issues. For example, distance determination is one of the most difficult but essential ingredients in modern astronomy. The pulsating stars such as Cepheids and RR Lyraes play pivotal roles in the definition of the distance ladder. RR Lyrae stars provide a very useful means to obtain highly precise (1 − 2% error) distance measurements in the range 1 − 100 kpc. They can be used to anchor Galactic and extra-galactic distances, to constrain the value of value of the Hubble constant (H0) upto 3% accuracy and to study the galactic structures (Deb & Singh 2014; Deb et al. 2015; Beaton et al. 2016) .
⋆ E-mail: sukantodeb@gmail.com, sukanta.deb@cottonuniversity.ac.in Furthermore using the light curves of these stars, it is also possible to determine their various physical and chemical parameters including the reddening towards the line of sight (Deb & Singh 2010; Wagner-Kaiser & Sarajedini 2017) . The population II distance scale relies on the absolute magnitudes of the RR Lyraes which in turn depend on the information about metallicity. Using RR Lyraes found in globular clusters, an estimate of the age of the cluster and hence a lower bound on the age of the Universe can be determined. Several empirical and theoretical relations connecting the metallicity and absolute magnitudes for RR Lyrae stars available in multiwavelength bands provide the robust means of obtaining much improved distances and reddening estimations (Bono et al. 2003; Catelan et al. 2004; Del Principe et al. 2005; Marconi et al. 2015) . distance ladder based on Pop II stars such as RR Lyrae stars because of numerous advantages of these old stellar population and tracers of low-mass stars, against the Pop I stars such as Cepheids. For instance, their presence in all kinds of galaxies as well in low density stellar haloes which have low reddening and relatively uniform and low metallicity populations make them robust and excellent standard candles independent of Cepheids. They are also much more numerous than the Population II or Type II Cepheids (Beaton et al. 2016) .
The SMC is a dwarf irregular galaxy connected by a hydrogen gas and stellar bridge to the Large Magellanic Cloud (LMC). Being the satellite galaxies of the Milky Way, they are useful for calibrations for many standard candles . A large number of studies involving the distance, reddening and three dimensional structure of the SMC rely on the available existing light curve data of variable stars generated from various astronomy missions and all sky surveys. Our present knowledge is limited by the flow of available data. During the last few decades, the OGLE project has revolutionized in the collection of a huge number of variable star light curve data of the Galaxy, the SMC and LMC in (V, I)-bands which was never done ever before. This revolution in collecting data by OGLE has led to the discovery of a number of variable stars in the the Galaxy as well as Magellanic Clouds and also helped to study a particular galaxy from its tracers of various standard candles. A large number of studies were devoted to study the SMC using the OGLE archival data of RR Lyrae stars and produced some significant results in recent decades, viz., Deb & Singh (2010) ; Kapakos et al. (2011) ; Haschke et al. (2011 Haschke et al. ( , 2012a ; ; Deb et al. (2015) , to mention a few.
The distance to the SMC is of vital interest to anchor and calibrate the extragalactic distance scale. There exist several studies in the literature which attempt to obtain the distance to the SMC using RRab, Cepheid and eclipsing binary light curve data ranging from optical to near-infrared (NIR) bands Inno et al. 2013; Graczyk et al. 2014; Scowcroft et al. 2016, among others) . Determinations of mean distance, reddening as well as three dimensional structure of the SMC utilising simultaneous V -and I-band data of RRab stars from the OGLE-IV database constitute the broader context of the present study. The availability of light curve data of an RRab star observed in two photometric (V, I)-bands has two major implications: (1) independent distance determination free from the effect of reddening and (2) reddening estimation. This is because the effect due to the reddening in the distance determination can be disentangled from the observed apparent distance modulus by using the light curve data of the same RRab star available in two photometric (V, I)-bands. Distance determination to the SMC or any other galaxy/globular cluster using RRab stars with single band photometric data require reddening estimations to be taken from other sources of reddening maps such as Burstein & Heiles (1982) ; Schlegel et al. (1998) ; Zaritsky et al. (2002) or some other reddening maps. For many targets where the foreground reddening is high and spatially variable, the reddening values can be directly determined from the RRab stars themselves rather than relying on those aforementioned reddening maps if the data are available in two photometric bands.
Although the method developed in the present study has been applied for the RRab stars, it is in general applicable to any periodic variable stars such as Cepheids which act as 'standard candles'. This method is expected to give as accurate a result in the distance determination as those of the distance determination techniques based on Period-Wesenheit (PW) relations. This is because of the fact that the distance determinations in the present study as well as those based on PW relations are reddening-free by constructions. Despite giving almost the same result of distance determinations, this method is expected to provide an additional advantage over the PW-based methods as it also yields information about the reddening value towards the location of the star apart from finding its distance simultaneously. This information will serve to very useful in the determination of three dimensional structure as well as constructing the reddening map of the host galaxy/globular cluster.
Wesenheit functions are widely used in classical Cepheids to obtain reddening-free PW relations for accurate distance determinations when the data in two photometric bands are available (Madore 1982; Freedman et al. 2001; Majaess et al. 2011) . These relations can also be adopted for RR Lyrae stars (Kovács & Walker 2001; Di Criscienzo et al. 2004; Majaess 2010; Majaess et al. 2011; Braga et al. 2015; Marconi et al. 2015, among others) . In the case of RR Lyrae stars, the existence of reddeningfree PW relations has been firmly supported from the findings of Marconi et al. (2015) and Braga et al. (2015) , respectively. Using the PW relations for RR Lyrae stars, Martínez-Vázquez et al. (2015) found the reddening-free distance modulus to the Sculptor dSph, Braga et al. (2015) derived the distance to the globular cluster M4 (NGC 6121), etc., among others. The distance determination using a different method, i.e. the Wesenheit function, which has been largely applied recently, would provide an interesting and independent alternative result to the present analysis.
The main rationale of this paper is to simultaneously exploit the available V -and I-band OGLE-IV data of more than 3000 SMC RRab stars in order to independently determine their distances and reddenings. This information of individual RRab star will be useful to determine the true mean distance, reddening and three dimensional structure of the SMC as well as to construct its reddening map. In an earlier study of the SMC, Deb et al. (2015) used the V -and I-band RRab light curve data separately from the OGLE-III catalog to study the three dimensional structure and metallicity distribution of the SMC using a very limited number of RRab stars available in the database. Apart from that, the study by Deb et al. (2015) does not use both the V -and I-band data simultaneously to determine the reddening values but uses the reddening values from the Zaritsky et al. (2002) reddening map.
The paper is organised as follows: Section 2 describes the OGLE-IV RRab data of the SMC and sample selection for the analysis in the present study. The methodologies developed here for the distance determination and reddening estimations are described in Section 3. Metallicity relation of Nemec et al. (2013) was used to derive MV and MI values of the sample of RRab stars. Section 4 demonstrates the application of the technique to an RRab star in the OGLE-IV database, while Section 5 describes the comparison of the values of distance and reddening with those obtained using other empirical and theoretical relations. For comparison with the distance obtained in the present study, distances are calculated from reddening-free Wesenheit distance moduli (µW ) using the observed and absolute Wesenheit magnitudes. Absolute Wesenheit magnitudes of RRab stars are calculated using the theoretical Period-Wesehnehit-Metallicity (PWZ) relation of Braga et al. (2015) . Mean distance and reddening determination of the SMC are discussed in Section 6, whereas Section 7 gives an account of error estimation of the derived quantities. The periodcolour relation derived using the independent reddening values in the present study is discussed in Section 8. Determination of the three dimensional structure of the SMC applying different fitting algorithms is discussed in Section 9. Results obtained from the above analyses are compared with those obtained using the Smolec (2005) metallicity relation and with other values available in the literature in Section 10. Lastly, the summary and conclusions of the present investigation are presented in Section 11.
THE DATA AND SAMPLE SELECTION
The OGLE-IV is one of the largest sky variability surveys worldwide in recent times which covers over 3000 square degrees in the sky and regularly monitors over a billion sources. The main targets of this project include the inner Galactic bulge and the Magellanic system. The photometric accuracy of this project is of the order of 0.001 − 0.005 mag (Udalski et al. 2015; Soszyński et al. 2016a ). The number of new sources in this part of the project has at least doubled as compared to the last OGLE-III project (Udalski et al. 2015) . The details of the OGLE-IV project, the instruments such as the telescope, mosaic CCD (Charge Coupled Device) camera and the (V, I)-filters are provided in Udalski et al. (2015) .
The OGLE-IV collection of RRab stars is an extension of OGLE-III catalog to the regions covered by the OGLE-IV fields. The areal coverage of the OGLE-III catalog was 54 square degrees of the sky which covers mostly the central regions of the LMC and SMC. The recently released OGLE-IV catalog covers around 650 square degrees of the sky which include the larger part of the Magellanic system covering the outermost parts as well as the Magellanic Bridge connecting them. The OGLE-IV database contains the data obtained with the 1.3-meter Warsaw telescope equipped with a 32-detector mosaic CCD camera located at Las Campanas Observatory (operated by the Carnegie Institution for Science), Chile. In order to carry out the present study, RRab stars were selected from the OGLE-IV catalog of variable stars that consist of 5-year of archival data observed between Match 2010 and July 2015. The database contains Johnson V and Cousins I band light curve data, with the majority of the observations obtained in the I-band (Soszyński et al. 2016b) .
The classification of the SMC RRab stars in the OGLE-IV catalog was based on the periods, amplitudes and Fourier parameters of the light curves obtained from the Fourier cosine decomposition method (Soszyński et al. 2016b ). The catalog contains information about the OGLE ID, mean magnitudes of the light curves mI , mV , in the I and Vbands, respectively, period P , error in the period σP , time of maximum brightness t0, amplitude in the I-band AI , Fourier parameters R21, φ21, R31, φ31 in the I-band as well as time-series photometry in the (V, I)-bands. The OGLE-IV catalog provides new 18158 RR Lyrae stars in the LMC and SMC which were not present in the earlier phases of the OGLE survey. This is by far the largest number of RRab light curve data generated with complete phase coverage in the V -and I-bands obtained in the SMC. The OGLE-III catalog consists of 1933 SMC RRab stars with their number increased to 4961 in the new data release of OGLE-IV. The I-band RRab light curve data of OGLE-IV have even phase coverage containing an average of 400 accurate and precise photometric observations with the exposure time of 100 s. On the other hand, V -band light curves of RRab star contain only an average of 40 data points (10% of the I-band observations) per light curve with the exposure time of 150 s (Soszyński et al. 2016b ). Since the database does not provide standard errors in the mean magnitudes as well in the Fourier parameters, we do not use these values for the analysis done in this paper. We use only the light curve data available in both the two bands (V, I) along with the information about their periods (P ) and epochs of maximum light (t0).
The available V -and I-band photometric light curves of common SMC RRab stars from the OGLE-IV catalog were matched. The matched light curves were further subjected to pre-selection. The I-band light curves contain comparatively more number of data points than the corresponding V -band light curves. Out of 4961 RRab stars available in the catalog, there are 4769 RRab stars which have complementary light curve data available in both the Vand I-band. We have selected only those common light curves which contain at least 20 data points in the V -band for reliable light curve parameter estimations. This condition further reduces the number of common RRab stars in both the two bands to 3931 for analysis. The light curves of these 3931 RRab stars were Fourier decomposed using sinusoidal law to derive their mean apparent magnitudes, amplitudes in the I and V -band and Fourier parameters for the I and V -band light curves, respectively. Ap- parent mean magnitudes and Fourier parameters in the I and V -band are obtained from the Fourier sine decomposition of the light curves )
using the seven and fourth order Fourier fits for the I and V bands, respectively. Here m λ is the mean magnitude, ω = 2π/P is the angular frequency and t is the time of observations. t0 represents the epoch of maximum light. The phased light curves m λ (Φ) are obtained using
where Φ ∈ [0, 1] represents one pulsational cycle of the RRab stars. A collection of four randomly selected sample of RRab stars with thier corresponding OGLE IDs and periods in the V and I-band is shown in Fig. 1 . The corresponding Fourier fits for the respective V and I-band are also shown in blue and solid colour solid lines. The phase differences φi1 = φi −iφ1 and amplitude ratios Ri1 = (Ai/A1) , i > 1 are evaluated and standard errors are determined following Deb & Singh (2010) for both the I and V bands, respectively. It should be noted that φi1 ∈ [0, 2π] radian. Since the I-band light curves contain more number of data points the Fourier parameters obtained in this band will be more accurate and precise as compared to the corresponding V -band Fourier parameters. In this paper we use φ I 31 to denote the Fourier phase parameter φ31 in the I band obtained from the Fourier sine decomposition. The light curve parameters obtained from the Fourier sine decomposition method as given by equation (1) are listed in Table 1 .
A comparison of the light curve parameters of 3931 stars in the present study (along abscissa) with those available from the OGLE-IV database Soszyński et al. (2016b) (along ordinate) in shown in Fig. 2 as scatter plots. As shown in the figure φ31(cosine) (This work) has been calculated by subtracting π from φ I 31 (provided in the last column of Table 1 ) obtained from the Fourier sine decomposition in the present study just for comparison with the value of φ31 as given in the database which is obtained from the Fourier cosine decomposition. The sine and cosine φ31 phase parameters differ by π radians, i.e, φ31(cosine) = φ31(sine) − π (Deb & Singh 2010; Nemec et al. 2011) . If the value of φ31(cosine) (This work) comes out to be negative, then a value of 2π is added to it so that its value always lies in the interval [0, 2π] .
The Fourier phase parameter φ31 is often used to determine the metallicity of an RRab star along with the information of the period P of an RRab star (Jurcsik & Kovacs 1996; Smolec 2005; Nemec et al. 2013, among others) . A histogram plot of the distribution of standard errors in φ I 31 is shown in Fig. 3 , where σ φ I 31 < 0.5. In order to select a clean sample of the SMC RRab stars for the present analysis, we apply the selection criteria based on OGLE-determined periods P , the mean magnitudes (mV , mI ), observed colours (V − I), amplitudes (AV , AI ), error in the I-band Fourier phase parameter σ φ 31 determined from the Fourier analysis of the light curves as described by equation (1) Zinn & West (1984) scale. Most of the selection criteria were adapted from Deb et al. (2015) while a few of them, viz., σ φ 31 from Deb & Singh (2010) ; colour from Haschke et al. (2012a) with slight modifications. Certain selection criteria were always applied in the literature in order to choose a clean sample of RRab stars belonging to a particular galaxy free from any possible contamination due to the foreground objects of any other galaxy (Pejcha & Stanek 2009; Haschke et al. 2011; Deb et al. 2015) . The application of this final selection criteria applied on the 3931 RRab stars further reduces their number to 3522 for the light curve analysis.
Availability of a large number of SMC RRab light curve data in OGLE-IV database with complete phase coverage in two different photometric bands (V, I) with an improved areal coverage provides a unique opportunity to determine the distance and reddening of each of the individual stars. Since the database of RRab stars is substantially larger than any previously studied subset of SMC RRab stars, this wealth of new data can in turn be used to refine our knowledge about the distance scale and reddening distribution to the SMC. This will lead to a detailed understanding of the three dimensional structure, dust and metallicity distribution of the SMC.
METHODOLOGY
We know that the apparent distance modulus (µ λ ) observed in a particular wavelength band (λ) can be decomposed into a sum of true distance modulus (µ0) and interstellar extinction (A λ ) as follows (Freedman et al. 2001; Kanbur et al. 2003) :
where R λ is the ratio of the total to selective absorption in a particular wavelength band (λ) and is defined as
R λ is to be taken from a given reddening law and has to be held fixed. E(B − V ) is the interstellar reddening along the line of sight. µ λ is defined as (Carroll & Ostlie 2006) :
where m λ , M λ denote the apparent mean and absolute magnitudes of the star in the particular wavelength band λ, respectively. m λ can be estimated from the Fourier decomposition of the light curve and the determination of M λ relies on various empirical and theoretical calibrations of RRab stars.
Since we have the light curve data of the RRab stars in two bands, viz. V and I, we can write down the equation (2) as (Kanbur et al. 2003) :
The above linear system of two equations contain two variables, viz. µ0 and E(B − V ) and hence can be solved exactly. The solutions of the above two equations will yield individual values of reddening and true distance modulus as follows:
Distance can be calculated using the following relation (Carroll & Ostlie 2006) :
Fixing the reddening law (Cardelli et al. 1989 ) and assuming RV = 3.23, one can obtain Inno et al. 2013) . Using these values, we find out the relation between E(V − I) and E(B − V ) as well as determine the value of RI as follows. We know that RV is given as
,
Here AB and AV denote the interstellar extinctions in the B and V bands, respectively. Firstly let us try to find a relation between E(V − I) and E(B − V ). We Soszyński et al. (2016b) . If the value of φ 31 (cosine) (This work) comes out to be negative, then a value of 2π is added to it so that its value lies in the interval [0, 2π] . It should be noted that the value of φ 31 given in the OGLE-IV SMC RRab database (Soszyński et al. 2016b ) has been obtained from the Fourier cosine decomposition in the I-band. Table 1 . A sample of the light curve parameters of 3931 OGLE-IV SMC RRab stars used for the analysis obtained from the Fourier sine decomposition of the light curves as given by equation (1) . The full table is available as supplementary material in the online version of this paper. know that
Also, we have
Comparing equations (8) and (9), we get
This relation is nearly identical to E(V − I) = 1.265E(B − V ) obtained by Inno et al. (2016) . Now I calculate the value of RI as follows. We know that
The values of RV and RI were held fixed in the above linear system of equations (5). We now show that the relations given by equation (5) can be reduced to a form of reddening-free Wesenheit function (Freedman et al. 2001) . We have found that the true distance modulus can be written as
where R
. In the present case, the value of R I V I is 1.563. Similarly, by taking the Vband distance modulus relation, we can show that
where
. The value of R V V I is 2.563. The quantity µ0 is called the reddeningfree distance modulus or the Wesenheit function (Freedman et al. 2001; Kanbur et al. 2003) . The above procedure is equivalent to a reddeningfree Wesenheit index W = V − R(V − I) (Madore 1982; Freedman et al. 2001 ). The relation given by equation (11) is exactly the same as derived by Freedman et al. (2001) . Equivalently, the reddeningfree distance modulus can be determined with the data available in two photometric (V, I)-bands using Equation (10) or (11). In order to determine the absolute magnitudes of the RRab stars in the two bands (V, I), we use the following relations:
where log Z is given by (Salaris et al. 1993; Catelan et al. 2004) log Z =[F e/H] + log (0.638f + 0.362) − 1.765.
The MV relation was taken from Catelan & Cortés (2008) It should be noted that the value of φ kp 31 used in the above relation is obtained from the Fourier sine decomposition (Nemec et al. 2013) and is in the Kepler photometric Kp-band. The above empirical relation may not provide accurate value of [F e/H]N13 for an individual RRab star but is suitable for statistical analysis of a large number of RRab stars (Skowron et al. 2016) . From the very extensive study by Skowron et al. (2016) , it has been demonstrated that the [F e/H]N13 values obtained using the above relation with the metallicity-dependent and metallicity-independent transformations involving (φ I 31 → φ V 31 ) are different. The differences for individual RRab stars may reach up to 0.3 dex and are typically lower than 0.1 dex. But in a statistical study involving a large sample of RRab stars these differences get reduced to smaller values. The relation given by equation (13) was based on the metallicity scale of Jurcsik (1995, hereafter JK95) . The above relation in Kp can be applied to the V -band data using the following inter-relation (Jeon et al. 2014; Skowron et al. 2016 )
Since the I-band light curve of OGLE-IV RRab stars contains more number of data points with better phase coverage, φ31 determined from the I-band will be more precise and accurate as compared to that of the V -band. We use these φ I 31 values to convert them into their corresponding Vband values using the more accurate metallicity-independent inter-relation obtained by Skowron et al. (2016) :
Using the inter-relations from equations (14) and (15) we obtain the metallcities of the individual RRab stars from equation (13). The metallicity values obtained from equation (13) are in Jurcsik & Kovacs (1996) scale, which can be transformed into the metallicity scale of Zinn & West (1984) using the following relation from Jurcsik (1995):
Although there are other [F e/H] − P − φ31 relations applicable for the V -and I-band data, respectively developed by Jurcsik & Kovacs (1996) and Smolec (2005) , the [F e/H] values obtained using these relations are found to systematically overestimate as well as underestimate their values towards the low and high metallicity ends. One of the important advantages of using the Nemec et al. (2013) relation is that it corrects these problems in metallicity calculations (Skowron et al. 2016) . Nonetheless it has been observed from the studies of Deb et al. (2015) and Skowron et al. (2016) that the formal errors on [F e/H] obtained by applying the propagation of error formula on the Nemec et al. (2013) metallicity relation given by equation (13) are exceedingly large. However the consequences of this effect are not important in a statistical analysis of a large sample of stars done in the present study. Following Skowron et al. (2016) the errors in the [Fe/H] values of individual RRab stars using equation (13) are obtained by carrying out Monte Carlo simulations assuming that the distributions of the coefficients in the equation (13) are Gaussian. A small random Gaussian noise of 0.01 is added to each of the four coefficients in the equation (13). Monte Carlo simulations are performed with 1000 iterations each time calculating the [F e/H]N13 values from the randomly generated coefficients. This iterative procedure applied to obtain each of the [F e/H]N13 values helps us to build up the [F e/H]N13 distribution. Gaussian distribution with parameters µ and σ is then fitted to the histogram which yield the corresponding true value of [F e/H]N13 and its associated error for an individual RRab star.
APPLICATION OF THE TECHNIQUE TO THE OGLE-IV DATABASE
To determine the values of reddening-free distance modulus (µ0) and reddening (E(B − V )) of an individual RRab star using the technique as described in Section 3, we apply the following steps in order:
using equation (14) (iii) [F e/H]N13 and its error σ [F e/H] N 13 are obtained using equation (13) with Monte Carlo simulations as described above (iv) [F e/H]N13 is then converted into the ZW84 metallicity scale [F e/H] using equation (16) (v) Absolute magnitudes MV and MI are determined using equation (12) (vi) µV and µI are obtained using equation (4) (vii) E(B − V ) and µ0 are determined from equation (6) (viii) D is calculated using equation (7).
It has already been mentioned that the values of φ31 as given in the OGLE-IV database are for the I-band and are obtained from the Fourier cosine decomposition. On the other hand, we have seen that the Nemec et al. (2013) relation is derived based on the value of φ31 in the Kepler photometric Kp-band and is obtained from a Fourier sine decomposition. This fact also has to be kept in mind while trying to obtain metallicity values using the Nemec et al. (2013) relation with the values of φ31 as given in the database. Therefore if the values of φ31 as given in the database were used we would be required to convert them first into their corresponding values as those obtained from a Fourier sine decomposition by adding a value of π radians to them and finally convert these values to the Kp-band. Since we do not use the values of φ31 as given in the database, addition of π is not required in our case. Let us demonstrate the above steps for the case of star with OGLE ID: OGLE-SMC-RRLYR-0001. As given in the database, P = 0.5588145d. From the Fourier sine decomposition technique in the present paper, we obtain mV = 19.584 ± 0.005 mag, mI = 19.067 ± 0.002 mag, φ 
Reddening E(V − I) is defined as
Here AI, mV and mI are determined from the Fourier sine decomposition method as described in Section 2. Distance of an individual RRab star is obtained from the Wesenheit distance modulus given by (Jacyszyn-Dobrzeniecka et al. 2017)
where W obs and W abs denote the observed and theoretical absolute Wesenheit indices, respectively, given by (Skowron et al. 2016; Jacyszyn-Dobrzeniecka et al. 2017 )
and
Here aW = −1.039 ± 0.007, bW = −2.524 ± 0.021 and cW = 0.147 ± 0.004 (Braga et al. 2015 ).
[F e/H]C denotes the metallicity value of an RRab star in the Carretta et al. (2009) scale given as follows (Kapakos et al. 2011) [F e/H]C = (1.001 ± 0.050) [F e/H]N13 − (0.112 ± 0.077).
The relation (21) is the theoretical PeriodWesenheit-Metallicity (PWZ) relation obtained by Braga et al. (2015) and has also been used by Jacyszyn-Dobrzeniecka et al. (2017) to calculate the distances of SMC RRab stars in the OGLE-IV database. One of the important advantages of using Wesenheit index in the distance determination is that by virtue of its construction it is from the interstellar extinction, assuming that the reddening law is known (Madore 1982) . Distances are then calculated using:
Reddening values and distances obtained using equations (19) & (22) are denoted by E(V − I)PBR and D Wesenheit , respectively. Reddening values and distances obtained in the present study using the methodology as described in Section (3) against their corresponding values calculated using equations (19) and (22) are plotted in 1 : 1 scatter plots as shown in Fig. (4) . Although the relations given by equations (19) and (22) are obtained from entirely different calibrations, their consistency with the present study demonstrate an independent and robust proof of validity of these relations. Mean values of the reddening and distance to the SMC using equations (19) and (22) Figure 4 . Reddening values and distances obtained using the methodology as described in Section (3) vs their corresponding values calculated using equations (19) and (22) values. From reddening distribution plot, it can be seen that for some of the stars, we get unphysical negative reddening values. The number of stars with E(B − V ) < 0 are found to be 149 which is a very small number (∼ 4%) as compared to the total number of stars in the present study. The mean value of reddening of these 149 stars is found to be −0.023 ± 0.022 mag which is statistically not significant and is consistent with zero within the uncertainties. If the stars with negative E(B − V ) are set to zero, we get the mean vaues the distance and reddening of the SMC as D = 60.723 ± 4.080 kpc and E(B − V ) = 0.064 ± 0.039 mag, respectively. One of the causes of getting the negative reddening values for these 149 stars may be due to the unreliable estimates of their V -band mean magnitudes which are underestimated due to the noisy and poorly sampled data points of their light curves or may be due to the propagated uncertainties in their calculated values. These are the two specific cases in which the reddening estimations using equation (6) We have also studied whether there is a trend of these negative reddening values as a function of their periods as well as metallicities but we do not find any clear trend or correlation. In the analysis, we do not ignore those stars with negative reddening values keeping in view of their uncertainties else otherwise this will skew the distribution towards positive reddening values and may lead to biases (Muraveva et al. 2017) .
From Fig. 6 , it should be noted that the distance and reddening values obtained for the final sample of 3522 RRab stars are anticorrelated. The expected behaviour is totally in contrast to what is observed: stars located at larger distances should have higher values of reddening (Nikolaev et al. 2004 ). This reflects an independent and unbiased determination of these two quantities using the methodologies described in Section 3. Fig. 9 . The map is produced by computing the average reddening on a 10 × 10 grid in (x, y) coordinates. Four prominent zones of high internal reddening can be located from the map: one to the south-western part, another one to the north and two others to the south-eastern parts with respect to the centre of the SMC. From the reddening map, one can see that the regions located to the south-eastern part of the centre of the SMC have the highest average values of reddening as compared to the other parts. It can also be seen from the map that the southern part of the SMC has relatively high internal reddening zones as compared to its northern part. One of the highest internal reddening zones is seen to be located near to south-western edge of the SMC.
In a study done using the red clump (RC) stars from the OGLE-II database, Subramanian & Subramaniam (2009) found that the western side of the SMC has high internal reddening. On the other hand using the RC stars and RRab stars of the SMC from OGLE-III database, Haschke et al. (2011) (2002) reddening map using the OGLE-III SMC RRab stars by Deb et al. (2015) , from the analysis of 48 Cepheids by Caldwell & Coulson (1986) and from the analysis 1529 OGLE-III SMC RRab stars by Haschke et al. (2011) . The conversion relation between E(V − I) and
On the other hand, the mean distance to the SMC D = 60.735 ± 4.143 kpc obtained in the present study is quite consistent with the recent estimates of distance determination to the SMC: 62.1 ± 1.9 kpc by Graczyk et al. (2014) , 61.09 ± 1.47 by Inno et al. (2013) using the 2571 fundamental mode Cepheids (FU) in the largest NIR JHK band datasets. Furthermore using the NIR JHK datasets for the first overtone Cepheids (FO), Inno et al. (2013) found a true distance modulus of the SMC to be 19.12 ± 0.13 mag. This corresponds to a true distance to the SMC of 66.68 ± 1.73 kpc which is an overestimation of the distance to the SMC when compared with the other values in the literature. Inno et al. (2013) cited this overestimation of the SMC distance due to the lack of precise trigonometric parallax determinations of the Galactic FO Cepheids for distance calibration. Although we have compared the SMC mean distance and reddening value obtained from the Gaussian fit with their respective values available in the literature, these values have been refined to get their intrinsic mean and intrinsic spread using a robust maximum likelihood estimation method as discussed in the next section.
ERROR ESTIMATION
Each of the parameters σm V,I and σ φ 31 obtained from the light curve analysis of RRab stars using the Fourier decomposition technique will contain standard errors. This will result into the errors in the determination of other parameters dependent on them according to the propagation of error formula (Bevington & Robinson 2003) . Apart from that, each of the observed parameters determined using the empirical and theoretical calibrations will contain systematic errors. Using the propagation of errors formula when the number of observations are large, one can approximately find that the error in the measurement of MV is σM These uncertainties are added quadratically resulting into a total mean uncertainty of σ [F e/H] = 0.21 dex. In order to find a better estimate of the mean and intrinsic spread in the metallicity distribution we use the maximum likelihood estimation method. One of the advantages of maximum likelihood method is that it treats each of the observations independently thus allowing the parameter estimations free from any cumulative systematic errors. The observed metallicity distribution function (MDF) approximates that of the nearly Gaussian profile. The resulting MDF can be thought of as the convolution of an intrinsic Gaussian distribution N (µ, σ 2 ) and a Gaussian error distribution N (0, e 2 i ) due to heteroscedastic errors for each of the metallicity measurements. The likelihood for obtaining the metallicity values xi = [F e/H] i , is given by (Haschke et al. 2012a; Ivezic et al. 2014 )
.
The log likelihood is given by
The maximization of the log likelihood yields the values of the mean metallicity µ = −1.87 dex and an intrinsic width of the distribution σ = 0.18 dex for the underlying MDF. Therefore we find the final mean metallicity value to be [F e/H] = −1.87 ± 0.18 dex. This value of the mean metallicity of the SMC is in excellent agreement with the value of −1.85 ± 0.33 dex as found by Skowron et al. (2016) . The normalized MDF of 3522 RRab stars is shown in Fig. 10 . (2017) and Muraveva et al. (2017) , respectively, are in good agreement with the present study although the values in these two studies are based on entirely different empirical/theoretical relations and calibrations.
PERIOD-COLOR RELATION FOR SMC RRAB STARS
Statistically significant large number of SMC RRab stars with their reddening values E(V − I) determined in the present study provides a unique opportunity to explore the various possible relationships between the intrinsic colour (V − I)0 and other available light curve parameters of these stars. We try to find out the empirical relationships between (V − I)0 and various other parameters involving P , AI , AV and [F e/H]. The various relationships of the following forms are tried:
In order to carry a regressional analysis using the above models, we use lm() function in R 1 statistical package. R is an open source programming language and a software environment for statistical computing and graphics. The results of the regressional analysis are shown in Table 2 . The results thus obtained can be utilised to study the significance of addition of each of the predictor variables on the response variable. The larger value of F in all the regressional analysis result indicates that given response variable (V − I)0 can be approximated with any of these four relations.But the simplest relationship involving lesser complexity parameters is (V − I)0 =1.255 log P + 0.787, σ std = 0.108,
where σ std represents the residual standard error per degrees of freedom. Fig. 11 show the (V −I)0 vs. log P We now test this derived colour relation log P −(V −I)0 to find out the mean reddening to the Large Magellanic Cloud (LMC) using the RRab stars taken from the OGLE-IV database. For this, we download the suitable RRab file containing the information about the period (P ), mean mag- nitudes in the (V, I)-band (mV , mI ) from the LMC OGLE-IV RRab database. We found 27138 RRab stars which have mean magnitudes in both the two bands. The observed colour (V − I) is then calculated from the given mean magnitude information. Then using the period (P ) information taken from the OGLE-IV database, the intrinsic colour (V −I)0 for each of the RRab stars were obtained using equation (23). Making use of these information, the reddening value E(V − I) for each of the 27138 LMC RRab stars were determined. A three-parameter Gaussian function fitted to the reddening distribution of the 27138 yields the mean reddening of the LMC as E(V − I)LMC = 0.096 ± 0.067 mag. The mean value of the reddening E(V − I)LMC = 0.09 ± 0.07 mag of the LMC found by Haschke et al. (2011) obtained using completely different methods and calibrations is quite consistent with that obtained in this paper. The error in the above reddening estimation represents the actual reddening scatter and the observational error. The mean reddening to the LMC as obtained in this paper using the log P − (V − I)0 relation derived with the help of 3522 SMC RRab stars is also comparable to E(B − V )LMC = 0.08 ± 0.04 mag or E(V − I)LMC = 0.10 ± 0.05 as quoted in Caldwell & Laney (1991) . Therefore we find that the reddening determination of a galaxy can be made possible from calibrations of the present multicolour photometry of a statistically large number of OGLE RRab stars in the (V, I)-bands. Nonetheless we caution the reader that this method may not provide the accurate result for an individual star. 
THREE DIMENSIONAL STRUCTURE OF THE SMC
Larger areal coverage and availability of more number of RRab stars in the OGLE-IV phase as compared to the data release of OGLE-III project as well as other earlier OGLEprojects provide a vital means to get an insight into the current understanding of the detailed three dimensional structure of the SMC. This will also facilitate in the refinement of various structure-related parameters of the SMC. Apart from that, the analysis of the distance determination and reddening estimation of each of the SMC RRab stars using their simultaneous light curve data available in (V, I)-band also provided an unbiased estimate in their determinations. We use the following steps leading to the parameter determinations of the three dimensional structure of the SMC ):
(i) The right ascension (α), the declination (δ) and the distance (D) for each of the RRab stars obtained in the present study are converted into the corresponding Cartesian coordinates (x, y, z). The (x, y, z) coordinates are obtained using the transformation equations (van der Marel & Cioni 2001; Weinberg & Nikolaev 2001; Deb et al. 2015 ):
The two-dimensional density contours of the 3522 SMC RRab stars in the present study is shown in Fig. 12 .
The coordinate system of the SMC disk (x ′ , y ′ , z ′ ) is the same as the orthogonal system (x, y, z), except that it is 
(ii) The Cartesian coordinate system (x, y, z) has the origin in the centre of the SMC at (α, δ, D) = (α0, δ0, D0). Here we assume that the z axis is pointed towards the observer and x-axis lies antiparallel to the α-axis. The y-axis is taken parallel to the δ-axis. D0 is the distance between the centre of the SMC and the observer. D is the observersource distance. (α0, δ0) are the equatorial coordinates of the centre of the SMC. We take the centre of the SMC in the present study as (α0, δ0) = (0 h 53 m 31 s , −72
• 59 ′ 15 ′′ .7) Deb et al. 2015) .
(iii) The errors in each of the Cartesian coordinates (σx, σy, σz) are obtained using the propagation of errors formula (Bevington & Robinson 2003) .
(iv) The observed distribution of the SMC RRab was modeled by a triaxial ellipsoid. Properties of the ellipsoid are obtained following the principal axes transformation method as described in Deb & Singh (2014) .
(v) The axes ratios
, where i = 0, 1, 2, inclination of the longest axis along the line of sight (i), position angle of line of nodes (θ lon ) along with their associated errors were calculated using the Monte Carlo simulations carried out for 10 5 steps as discussed in Deb et al. (2015) .
(vi) The normalized distribution functions having 10 5 iterations of Monte Carlo simulations involving various SMC geometric parameters is obtained after binning with a proper binsize. The normalized distributions of the geometric parameters were found to approximate a Gaussian profile. Three parameter Gaussian profile fitting applied to the each of the distributions yields their mean and σ values which are taken the as the true values and errors in these parameters.
The normalized distributions of various structural parameters of the SMC obtained following the above steps in the present analysis using 3522 RRab stars are shown in Fig. 13 . The legend in each of the panels represents the mean and standard deviations of the distributions of the parameters obtained from thre three-parameter Gaussian fits which we quote as the geometrical values of the parameters of the SMC.The following values of the parameters are obtained for the SMC with axes ratios 1.000 ± 0.001, 1.113 ± 0.002, 2.986 ± 0.023 and viewing angle parameters such as i = 3
• .156 ± 0
• .188 and θ lon = 38
• .027 ± 0.577. It should be noted that the position angle (θ) defined in equation (24) is measured counterclockwise from the positive x-axis, i.e., from the west direction. The values of the position angles quoted as in this paper are given according to this direction. However, in astronomical convention, position angles are always measured from the north (0
• ) towards east (90 • ). Therefore if measured from north, the position angle of line of nodes will be given by θ lon = 128
• .027 ± 0 • .577. Also since the position angle is a line, its value can differ by an angle of 180
• . From the results obtained using the principal axis transformation method along with the Monte Carlo method for error estimation we find the lengths of the semi-major, semiminor and intermediate axes as: S0 = 12.229 ± 0.090 kpc, S1 = 4.558 ± 0.007 kpc and S2 = 4.095 ± 0.004 kpc, where S0 > S1 > S2 (Deb & Singh 2014) . Following the above results we find that the longest axis viz. the z-axis is inclined by 3
• .156 from the line of sight, i.e. the line of sight is almost along the z-axis of the SMC.
We also applied the simple plane-fitting procedure on the observed three dimensional distribution of the RRab star in Cartesian coordinates (x, y, z). The viewing angle parameters such as inclination (i) and position angle of line of nodes (θ lon ) are obtained from a plane-fitting procedure of the form (Nikolaev et al. 2004; Deb et al. 2015 )
where N denotes the number of data points. The inclination angle (i) can be obtained from the modeled parameters (a, b, c) as
Let us now define γ = arctan(|a|/|b|). Then position angle, θ lon can be obtained using Deb et al. (2015) θ We now apply a weighted plane-fitting procedure using the mpfitfunc in IDL in order to fit the three dimensional plane of the SMC (Markwardt 2009 (Markwardt , 2012 . The fitting procedure yields the following values of the parameters: c = 0.890 ± 0.041, a = −0.313 ± 0.020, b = −0.207 ± 0.021. This gives the value of i = 20
• .580 ± 0
• .625 and θ lon = 56
• .581 ± 3
• .159. As measured from the north, the value of θ lon will be 146
• .159. In order to validate the results obtained using the IDL routine mpfitfunc, we further develop a Bayesian parameter estimation method in IDL to fit the three dimensional plane of the SMC. The parameter estimation in this case consists of three parts: a plane fitting model, a likelihood function of the data and a prior distribution over the parameters. We have chosen uniform priors for the initial set of parameters. The posterior distribution of the sampling of the model parameters are obtained using the Markov Chain Monte Carlo (MCMC) called the Metropolis-Hasting algorithm (Metropolis et al. 1953; Gregory 2005) . The mean and standard deviations of the posterior distribution of the model parameters are treated as the best fit model parameters and their associated uncertainties. The MCMC iteration was run for 10 measured from the north, then its value will be θ lon = 147
• .110 ± 3
• .747. The fitted plane with the parameters obtained using the Bayesian MCMC analysis is overplotted in Fig. 14 . However, the values of the parameters obtained from the three dimensional plane fitting should be taken with caution as the z-distribution for the SMC RRab stars has a larger spread and does not actually resemble a plane-like structure. Furthermore using this kind of simple three dimensional plane fitting algorithm we cannot determine the other structural parameters such as the axes ratios of the galaxy.
COMPARISON OF SMC PARAMETERS OBTAINED USING SMOLEC'S (2005) METALLICITY RELATION AND WITH OTHER STUDIES
We now determine the mean distance and reddening of the SMC using equations (6) and (12) (Skowron et al. 2016) , the use of Papadakis et al. (2000) relation is left out in the present study. All the selection criteria of choosing a clean sample of RRab stars as discussed in Section 4 remain the same except the criterion of metallicity which is taken here as −2.50 ≤ [F e/H] < 0 dex. This reduces the original 3931 number of RRab stars to 3360 for their further analysis. When the present 3360 stars are matched with 3522 stars obtained in Section 2 the number of common stars found in both are 3348. From the analysis of these 3348 stars we have found the following mean values of the parameters of the SMC obtained using the Smolec (2005) metallicity relation: [F e/H] = −1.66 ± 0.13 dex, µ0 = 18.883 ± 0.149 mag, D = 59.733 ± 4.023 kpc, E(B − V ) = 0.062 ± 0.036 mag. Here the uncertainties represent the spread of the population rather than the standard deviation of the mean. Making use of the Smolec (2005) metallicity relation the following values of the parameters are obtained for the SMC with axes ratios 1.000 ± 0.001, 1.109 ± 0.001, 2.791 ± 0.018 and viewing angle parameters such as: i = 3
• .791 ± 0
• .155 and θ lon = 38
• .779 ± 0.442. The following log P − (V − I)0 relation is obtained:
(V − I)0 = (1.272 ± 0.002) log P + (0.797 ± 0.000).
For this relation σ std = 0.052 denotes the residual standard error per degrees of freedom. This relation is almost identical to the relation given by equation (23) obtained using the Nemec et al. (2013) (12) and (6) are shown in Fig. 15 . Mean systematic differences of ∼ − 0.21 dex, 0.04 mag, 1 kpc, 0.004 mag are obtained between the four parameters obtained using the Nemec et al. (2013) and Smolec (2005) relations. The origin of these systematic differences are attributed to the systematic uncertainty in the [F e/H] values obtained using the Smolec (2005) relation as pointed out by Skowron et al. (2016) .
The comparison between the distance-related parameters and structural parameters of the SMC obtained in the present study with their corresponding values found in the literature is shown in Table 3 . Although we find that the values of the SMC parameters obtained using the Smolec (2005) metallicity relation yield comparable values to those obtained using Nemec et al. (2013) metallicity relation, there are subtle systematic biases present in the mean values of some of the parameters determined using the Smolec (2005) metallicity relation. The bias in the reddening value is almost negligible due to the presence of the expression (µV − µI ) in the reddening estimation, which involves metallicities in each of the terms. Therefore any systematic bias present in metallicity in one of the terms is reduced/cancelled by the corresponding systematic bias in the other term. In fact we have found that the reddening map constructed based on the [F e]/H] relation of Smolec (2005) is quite similar to that obtained based on the Nemec et al. (2013) relation. On the other hand systemtaic bias present in the Smolec (2005) metallicity relation does not get reduced/cancelled in the distance modulus calculation while using the second relation of equation (6) and hence becomes significant. Due to the problem of systematic biases present in the Smolec (2005) metallicity relation towards the low and high metallicity ends, the mean value of the metallicity obtained for the SMC and other parameters derived from it are quite unreliable using this relation (Skowron et al. 2016) . Although the consequences of these effects are reduced in a statistical analysis of a large population of RRab stars as in the present study they systematically effect the results on distance determinations using M λ − [F e/H] relations. Since the calculation of metallicity using the Nemec et al. (2013) metallicity relation is the most accurate, precise and free from any systematic bias we adopt the results obtained in the present study based on this relation as the final results.
SUMMARY AND CONCLUSIONS
In this paper we have simultaneously utilised both the Vand I-band light curve data of more than 3000 OGLE-IV (12) and (6). Mean differences of ∼ − 0.21 dex, 0.04 mag, 1 kpc, 0.004 mag are obtained between the four parameters obtained using the N13 and S05 relations. Table 3 . Comparison of distance-related parameters and structural parameters of the SMC obtained in the present study with their corresponding values available in the literature.
18.97 ± 0.03(stat.) ± 0.12(sys.) SMC RRab stars in order to independently determine both the mean distance and reddening of the galaxy. We also study the three dimensional structure of the SMC using the distance distribution of each of the individual RRab stars along with their equatorial coordinates (α, δ). The availability of a statistically large number of RRab light curve data simultaneously available in the multi-photometric (V, I)-bands with wider areal coverage being generated for this galaxy from the OGLE-IV photometric survey provides a unique opportunity to develop a more refined understanding of its distance, reddening and three dimensional structure. This newly obtained accurate and precise data have thus helped us in updating our recent knowledge about the distance, reddening and morphological structure of the galaxy. Based on the simultaneous analysis of 3522 SMC RRab stars observed in two photometric bands (V, I) the following results are obtained from the present study:
(i) The true mean distance modulus µ0 and the mean reddening E(V − I) for the SMC obtained from the light curve analysis of RRab stars are 18.909 ± 0.148 mag and 0.066 ± 0.036 mag, respectively. The uncertainties quoted here represent the intrinsic spread in the population rather than the standard deviation of the mean. The mean distance to the SMC is obtained as D = 60.505 ± 4.126 kpc. We also find that the distance and reddening values obtained using the methodologies developed in this work are anticorrelated and is thus free from any possible systematic bias.
(ii) One of the important results of our analysis is the reddening map of the SMC. From the reddening distribution of the SMC RRab stars the reddening map is constructed by computing the average reddening on a 10 × 10 grid in (x, y) coordinates. From the reddening map we find that the southern part of the SMC has relatively more reddening zones as compared to its northern part.
(iii) The reddening values E(V − I) obtained for each of the individual 3522 RRab stars along with their periods (P ) taken from the OGLE-IV database have been utilised to derive a period (P )-colour ((V − I)0) relation for these stars. The intrinsic colours are obtained from (V − I)0 = (V − I) − E(V − I). The following PC relation was obtained:
(V − I)0 = (1.255 ± 0.003) log P + (0.787 ± 0.001).
For this relation σ std = 0.108 denotes the residual standard error per degrees of freedom. The above relation was tested on 27138 OGLE-IV LMC RRab stars to find the mean reddening to the galaxy as E(V − I) = 0.096 ± 0.067 mag which is consistent with the E(V − I) values for the LMC obtained using other tracers and different methodologies. This is a very useful and significant result on the ground that the above relation was obtained making use of various empirical relations available in the literature (Catelan et al. 2004; Smolec 2005; Catelan & Cortés 2008; Nemec et al. 2013; Skowron et al. 2016 ) and this proves the robust validity of these relations in the application to a large database of RR Lyrae stars. The above relation will prove to be very useful in the estimation of mean reddening value of a host galaxy/globular cluster containing RRab stars quite easily.
(iv) Approximating the three dimensional distribution of the SMC RRab stars as ellipsoid, we have used the principal axes transformation method (Deb & Singh 2014; Deb et al. 2015) to find the axes ratios of the SMC: 1.000 ± 0.001, 1.113 ± 0.002, 2.986 ± 0.023 with i = 3
• .027±0.577. These results are quite consistent with the axes ratios of 1, 1.10, 2.13 recently obtained by Jacyszyn-Dobrzeniecka et al. (2017) using a triaxial ellipsoid fitting algorithm originally developed by Turner et al. (1999) . Their determinations are based on completely different theoretical and empirical relations which are derived from entirely different calibrations. However the results obtained in this paper using the OGLE-IV dataset are somewhat different than those found by Deb et al. (2015) and using the entire data set of OGLE-III RRab stars. In the case of semi-major axis ratio
, the difference is much more significant, the reason being attributed to the low areal coverage of the SMC obtained during the OGLE-III Project. The results obtained using the the principal axis transformation method along with the Monte Carlo method for error estimation the lengths of the semi-major, semi-minor and intermediate axes are found as: S0 = 12.229 ± 0.090 kpc, S1 = 4.558±0.007 kpc and S2 = 4.095±0.004 kpc, where S0 > S1 > S2 (Deb & Singh 2014) . This is the first of a series devoted to the determination of the distance, reddening and deciphering the three dimensional structure of the SMC using the available simultaneous (V, I)-band RRab light curves. In the subsequent papers, we plan to study the distance, reddening and three dimensional structure of the SMC using the Type I and Type II classical Cepheids with the techniques and methodologies developed in this paper. The reddening maps produced independently using the classical Cepheids will provide an opportunity to compare and contrast the reddening map of the SMC produced using the RRab stars in the present study.
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